Abstract--In this paper, a roughness theorem of exponential dichotomy and trichotomy of linear difference equations is proved. It is also shown that if an almost periodic difference equation has an exponential dichotomy on a sufficiently long finite interval, then it has one on (-co, +~). (~)
INTRODUCTION
The theory of difference equations has received much attention because of its importance in various fields, such as numerical methods of differential equations and dynamical systems, finite elements techniques, control theory, and computer sciences (see [1] [2] [3] [4] [5] [6] [7] [8] ). The almost periodic type . difference equations have been discussed in [5, 9] . In this paper, we focus our attention on some properties of exponential dichotomy and trichotomy of linear difference equations. In the rest of this section, some fundamental concepts of this paper are given. The invariance of the exponential dichotomy and trichotomy under some perturbations, which is called roughness, is discussed in Section 2. The equivalence between the exponential dichotomy for linear difference equations with almost periodic coefficients in an infinite integer's interval and in a finite sufficiently long integer's interval is proved in Section 3. In what follows, we denote by I" I the Euclidean norm when the argument is a vector and the corresponding operator norm when the argument is a t Supported by Junta de Castilla y Le6n. 1: This author is very grateful to the "Departamento de MatemAtica Aplicada a la Ingenierfa", University of Valladolid, Spain, for its hospitality during the period this paper was written, and acknowledges support by Spanish Ministry of Education and Culture. The authors would also like to thank A. M. Sanz for her careful reading. [5, 9] 
sequence {x(n)}nez is almost periodic if and only ifx(n) = f(n) for every n c Z, where f is an almost periodic function on R. If x, y E .AP(Z), then for each ¢ > O, T(x, e) M T(y, e) ~ 0
(see [5, 9] ). Now we consider the difference equation (see [7] ).
Obviously, equation (1.1) has an exponential trichotomy with P3 = 0 if and only if it has an exponential dichotomy on Z. And in Section 3, it will be pointed out that the exponential trichotomy on Z is equivalent to the exponential dichotomy on Z if {A(n)}neZ is almost periodic (also see [5] ).
To end this section, we point out that (1) (1) Equation (1.1) has an exponential dichotomy on J E {Z, Z +, Z-} with projection P and constants K > 0, a > 0 if and only if there are positive constants K', a', and a family of projections P(n), n E J, such that (i)
forn>m, n, mc J, form_>n, n, mEJ.
In fact, let J = Z + and equation (1.1) have an exponential dichotomy on J with projection P and constants K > 0, a > 0.
then it follows immediately that (i) and (ii) are satisfied. Now let there be positive constants K', a', and a family of projections P(n), n C J such that (i) and (ii) are satisfied.
We take K = K', a = a', P = P(0), then it follows from (i) that
= X(m)P(O)X-l(m) = X(m)PX-l(m).
Therefore,
IX(n)PX-I(m)I = IX(n)X-l(m)P(m)l <_ Ke-a(n-m),

Ix(n)( -P)X-l(m)[ = [X(n)X-l(m)(I -
for m >_ n, n, mEJ.
(2)
The case of J --Z or J --Z-can be verified in the same manner. Equation (1.1) has an exponential trichotomy on Z with projections Pi (i = 1, 2, 3) and constants K, a if and only if there exist positive constants K', a', and three families of
Pl(n) + P2(n) + P3(n) = I;
(ii)
for all n e Z, i = 1,2,3; 
ROUGHNESS
In this section, we give a result on the roughness of exponential dichotomy and trichotomy of linear difference equations. We improve some known results on the invariance of exponential dichotomy and trichotomy under some perturbations. First of all, we summarize some fundamental results on this topic. 
we have that the perturbed equation
has an exponential trichotomy on Z with projections Di(B) (i = 1, 2, 3). Moreover if 6 is sumciently small we have rankS(B) = rank P~ (i = 1, 2, 3) (see [7, p. 99] ).
PROPOSITION 2.2. Let A(n) be a d × d invertible matrix defined for n E J E {Z, Z +, Z-} such that for all n, [A-l(n)[ <_ M and such that equation (1.1) has an exponential dichotomy on J with constants K, a and projections P(n) (see [6]). Suppose 0 < 5 < a and B(n) is a d x d matrix function defined for n E J and satisfying
2Ke (e + 1) (e -1) -1 IB(n)l _< 1. 
has at least one (respectively, has a unique) bounded solution y(n) on Z for every bounded function f(n), n E Z. In fact, the bounded solution can be given by
with P+ = I -t:)2 and P_ = P1, and (1) and (2) nEZ.
then Ia(n,m)[ = [X(n)(I-P+)X-l(m)[ = [X(n)P2X-l(m)[ <_ Ke -a'n-ml. THEOREM 2.1. Let A(n) be a d x d invertible matrix function defined for n E Z such that the linear difference equation (1.1) has an exponential trichotomy (respectively, dichotomy) on Z with constants K > 1, a > 0 and projections Pi (i = 1, 2, 3) (respectively, P). Suppose B(n) is a d x d matrix function defined for n E Z and satisfying (1) A(n) + B(n) is invertible for all n; (2) LB = SUPnEZ ~-~mez e-~l~-m-ll[B(m)[ < 1/2K (respectively, < 1/K). Then the perturbed difference equation (2.1) has an exponential trichotomy (respectively, dichotomy) on Z with projections/~i (i = 1, 2, 3) (respectively, P). Moreover, the projections in the exponential trichotomy (respectively, dichotomy) of the difference equation (2.1) have the same rank as for equation (1.1)if conditions
-~(x) x(n + 1) = xo(n + 1) + Exi(n+ 1) i=l = A(n)xo(n) + f(n) + A(n) Exi(n) + B(n)EXi_l(n) i=l i=1
= A(n) xo(n) + x~(n) + B(n) zo(n) + ~ ~,(~) + I(n)
~=1
= (A(n) + B(n)) x(n) + f(n),
that is, x(n) is a bounded solution of the difference equation
x(n + 1) = (A(n) + B(n)) x(n) + f(n)
on Z. Therefore, equation (2.1) has an exponential trichotomy on Z. (1) Comparing with the known results on roughness (Proposition 2.1, Proposition 2.2, also see [6, 7] In [10, 11] , it is known that for an almost periodic linear differential equation
where A(t) is almost periodic on R, the following statements are equivalent:
(1) equation (3.1) has an exponential dichotomy on R; (2) equation (3.1) has an exponential dichotomy on [a, +~) for every a 6 R; (3) equation (3.1) has an exponential dichotomy on some sufficiently long finite interval.
In this section, we give the discrete version of the above equivalence. To do this, the following propositions are needed. 
) has an exponential dichotomy on Z if and only if it has one on Z + (or Z-).
This result implies that the exponential trichotomy of equation (1.1) on Z is equivalent to the exponential dichotomy on Z if {A(n)}nEz is almost periodic.
By using induction, it can be deduced. 
(a.a)
I. nEZ nEZ nEZ nEZ (2) there exists a positive number ~ > 0 such that 
